Abstract. All the known approximations of π(n) for finite values of n are derived from real-valued functions that are asymptotic to π(x), such as x logex
, Li(x) and Riemann's function R(x) = ∞ n=1 µ(n) (n)
li(x 1/n ). The degree of approximation for finite values of n is determined only heuristically, by conjecturing upon an error term in the asymptotic relation that can be seen to yield a closer approximation than others to the actual values of π(n). By considering the density of the set of all integers that are not divisible by the first π( √ n) primes p 1 , p 2 , . . . , p π(
we show that, for any n, the expected number of such integers in any interval of length
). We then show that a non-heuristic approximation-with a bounded cumulative error term > 0-for the number of primes less than or equal to n is given for all n by π(n) ≈ n j=1
n logen → ∞ for some constant a > 2.e −γ ≈ 1.12292 . . .. We further show that the expected number of Dirichlect and twin primes in the interval (p 2
) can be estimated similarly; and conclude that the number of such primes ≤ n is, in each case, cumulatively approximated non-heuristically by a function that → ∞.
Keywords. Chebyshev's Theorem; complete system of incongruent residues; computational complexity; Dirichlect primes; Euler's constant γ; expected value; factorising is polynomial time; integer factorising algorithm; Mertens' theorem; mutually independent prime divisors; polynomial time algorithm; prime counting function; prime density; primes in an arithmetic progression; Prime Number Theorem; probability model; twin primes. 1. Eratosthenes sieve and the nature of divisibility "Prime numbers are the most basic objects in mathematics. They also are among the most mysterious, for after centuries of study, the structure of the set of prime numbers is still not well understood. Describing the distribution of primes is at the heart of much mathematics...".
1
In this investigation we show how the usual, linearly displayed, Eratosthenes sieve argument reveals the structure of divisibility (and, ipso facto, of primality) more transparently when displayed as a 2-dimensional matrix representation of the residues r i (n), defined for all n ≥ 2 and all i ≥ 2 by: n + r i (n) ≡ 0 (mod i), where i > r i (n) ≥ 0 2 .
Density: For instance, the residues r i (n) can be defined for all n ≥ 1 as the values of the densitydefining functions R i (n), defined for all i ≥ 1 as illustrated below 3 , where:
. . . n r 1 r 2 r 3 r 4 r 5 r 6 r 7 r 8 r 9 r 10 r 11 . . . 0
• Each function R i (n) cycles through the values (i − 1, i − 2, . . . , 0) with period i;
• For any i ≥ 2 the density-over the set of natural numbers-of the set {n} of integers that are divisible by i is
; and the density of integers that are not divisible by i is i−1 i
.
Primality:
The residues r i (n) can also be viewed alternatively as values of the associated primalitydefining sequences, E(n) = {r i (n) : i ≥ 1}, defined for all n ≥ 1, as illustrated below 4 , where:
Function: R 1 R 2 R 3 R 4 R 5 R 6 R 7 R 8 R 9 R 10 R 11 . . . 
E(n)
. . . 0
• The sequences E(n) highlighted in red correspond to a prime 5 p (since ri(p) = 0 for 1 < i < p) in the usual, linearly displayed, Eratosthenes sieve:
By considering the density of the set of all integers that are not divisible by the first k primes p 1 , p 2 , . . . , p k , we shall show that the expected number of such integers in any interval of length (p 2
1 Andrew Granville: from this AMS press release of 5 December 1997. We shall conclude non-heuristically that:
• For each n, the expected number of primes in the interval (p 2
The number π(n) of primes ≤ n is thus cumulatively approximated (Lemma 2.17 and Corollary 2.21) for n ≥ 4 by π(n) ≈ n j=1
• For each n, the expected number of Dirichlect primes-of the form a+m.d for some natural number m ≥ 1-in the interval (p 2
• For each n, the expected number of TW primes-such that n is a prime and n+2 is either a prime or p 2
The number
is thus cumulatively approximated (Lemma
1.A. The functions π(x) and x logex
: A historical perspective To place this investigation in an appropriate historical perspective, we note that Adrien-Marie Legendre and Carl Friedrich Gauss are reported 6 to have independently conjectured in 1796 that, if π(x) denotes the number of primes less than x, then π(x) is asymptotically equivalent to and Li(x). As x increases (note x axis is logarithmic), both ratios tend towards 1. The ratio for x ln x converges from above very slowly, while the ratio for Li(x) converges more quickly from below. 8 6 cf. Prime Number Theorem. (2014, June 10). In Wikipedia, The Free Encyclopedia. Retrieved 09:53, July 9, 2014, from http://en.wikipedia.org/w/index.php?titlePrime number theorem&oldid=612391868; see also [Gr95] .
7 [Di52] , p.439; see also [HW60] , p.9, Theorem 7 and p.345, §22.4 for a proof of Chebychev's Theorem.
The question of whether π(x)/ x logex has a limit at all, or whether it oscillates, was answered-it has a limit-first by Jacques Hadamard and Charles Jean de la Vallée Poussin independently in 1896, using advanced argumentation involving functions of a complex variable 9 ; and again independently by Paul Erdös and Atle Selberg 10 in 1949/1950, using only elementary-but still abstruse-methods without involving functions of a complex variable.
1.B. A better heuristic approximation to π(x): The integral Li(x)
We also note that, reportedly 11 :
"In a handwritten note on a reprint of his 1838 paper 'Sur l'usage des séries infinies dans la théorie des nombres', which he mailed to Carl Friedrich Gauss, Peter Gustav Lejeune Dirichlect conjectured (under a slightly different form appealing to a series rather than an integral) that an even better approximation to π(x) is given by the offset logarithmic integral Li(x) defined by:
We further note that in 1889 Jean de la Vallée Poussin proved 13 (cf. Fig.1): ". . . that Li(x) represents π(x) more exactly than ."
1.C. All known approximations of π(n) for finite values of n are heuristic We note that all the known approximations of π(n) for finite values of n are derived from real-valued functions that are only known to be asymptotic to π(x), such as x logex , Li(x) and Riemann's function
Consequently, the degree of approximation for finite values of n is determined only heuristically, by conjecturing upon an error term in the asymptotic relation that can be seen to yield the closest approximation upon comparison with the actual values of π(n) within a finite range of values of n (eg. Fig.2 , where n = 1000.).
1.D.
A non-heuristic cumulative approximation of π(n) for all values of n The question arises: Is there a function which approximates π(n) non-heuristically for all values of n? 
In this investigation we shall address the above question by showing that the density 16 of integers co-prime to the first k primes, p 1 , p 2 , . . . , p k , over the set of natural numbers, is:
and that the expected number of such integers in the interval (a, b) is thus:
where the binomial standard deviation of the expected number of integers co-prime to p 1 , p 2 , . . . , p k in any interval of length (b − a) is:
Taking (a, b) as the interval (p 2
), we conclude that a cumulative non-heuristic estimate of the number π(p 2
) of primes less than p 2
is:
15 See §5., Appendix III for the values of the above plot. 16 cf. [St02] , Chapter 2, p.10.
with cumulative standard deviation:
Moreover, a non-heuristic approximation for π(n)-with a bounded error term > 0 for all finite nis given (Lemma 2.17 and Corollary 2.21) by the density-based prime counting function π L (n) (cf. Fig.3 ):
for some constant a > 2.e −γ ≈ 1.12292 . . .
We then show how such a density-based approach to estimating prime counting functions nonheuristically yields elementary, density-based, proofs of Dirichlect's Theorem (Theorem 2.34) and the Twin-Prime Conjecture (Theorem 2.42).
1.E. Expected number of primes in the interval (p 
Figures within each rectangle are the primes corresponding to the functions π(n) and π L (n) within the interval (p 2 Fig.5 ).
More specifically, since n is a prime if, and only if, it is not divisible by any prime p ≤ √ n:
(i) a non-heuristic estimate for the number of primes in the interval (p 2
) is (Theorem 2.15) the expected number of primes in the interval, given in terms of a prime counting function π L (n) as (cf. Fig.4 ):
(ii) and a cumulative non-heuristic approximation of the number π(n) of primes less than or equal to n (Lemma 2.17 and Corollary 2.20) is the prime counting function π L (n) (cf. Fig.5 ) 17 : 
Note that the gradient in the interval (p 2
Density-based non-heuristic approximations of prime counting functions
In the rest of this investigation we formally consider elementary, density-based, arguments for:
We show that the number π (a,d) (n) of Dirichlect primes of the form a + m.d which are less than or equal to n, where a, d are co-prime and 1 ≤ a < d = q
, is non-heuristically approximated by the cumulative Dirichlect prime counting function π D (n) (Definition 5), such that:
(ii) Twin Prime Theorem: We show that there are infinitely many twin primes since a cumulative non-heuristic approximation of the number π 2 (p 2 k+1 ) of twin primes ≤ p 2 k+1 for all k ≥ 1 is:
17 Compare [HL23] , pp.36-37. See also §5., Appendix III for the estimated values π L (n), and the actual values π(n), for 4 ≤ n ≤ 1500.
Proof : The p i .p j numbers v.p i + u.p j , where p i > u ≥ 0 and p j > v ≥ 0, are all incongruent and form a complete system of residues 22 mod (p i .p j ). Hence:
By Lemma 2.2:
The lemma follows.
If u = 0 and v = 0 in Lemma 2.5, so that both p i and p j are prime divisors of n, we immediately conclude by Definition 2 that:
We can also express this as:
We thus conclude that:
Theorem 2.8. The prime divisors of any integer n are mutually independent.
2.C.a. Integer Factorising cannot be polynomial-time
We digress briefly from our investigation of prime counting functions to note that Theorem 2.8 immediately yields the computational complexity consequence 23 that no deterministic algorithm 24 can compute a factor of any randomly given integer n in polynomial time 25 .
We note the standard definition 26 : Definition 3. A deterministic algorithm computes a number-theoretical function f (n) in polynomialtime if there exists k such that, for all inputs n, the algorithm computes f (n) in ≤ (log e n) k + k steps.
It then follows from Theorem 2.8 that:
Corollary 2.9. Any deterministic algorithm that always computes a prime factor of n cannot be polynomial-time.
Proof : Any computational process that successfully identifies a prime divisor of n must necessarily appeal to at least one logical operation for identifying such a factor.
Since n is a prime if, and only if, it is not divisible by any prime p ≤ √ n, and n may be the square of a prime, it follows from Theorem 2.8 that we necessarily require at least one logical operation for each prime p ≤ √ n in order to logically determine whether p is a prime divisor of n.
Since the number of such primes is of the order O( √ n/log e n), the number of computations required by any deterministic algorithm that always computes a prime factor of n cannot be polynomial-time-i.e. of order O((log e n) c ) for any c-in the length of the input n. The corollary follows.
22 [HW60] , p.52, Theorem 59. 23 cf. [Cook] . 24 A deterministic algorithm computes a mathematical function which has a unique value for any input in its domain, and the algorithm is a process that produces this particular value as output. 25 cf. [Cook] Lemma 2.10. The density of the set of all integers that are not divisible by any of a given set of primes Q = {q 1 , q 2 , ..., q k } is:
It follows that:
Lemma 2.11. The expected number of integers in any interval (a,b) that are not divisible by any of a given set of primes Q = {q 1 , q 2 , ..., q k } is:
2.E. The function π H (n)
In particular, the expected number π H (n) of integers ≤ n that are not divisible by any of the first k primes p 1 , p 2 , ..., p k is:
).
It follows that:
Corollary 2.13. The expected number of primes ≤ p 2
We conclude that π H (n) is the non-heuristic approximation of the number of primes ≤ n 27 :
Lemma 2.14.
2.F. The function π L (n)
It also follows immediately from Theorem 2.11 that:
Corollary 2.15. The expected number of primes in the interval (p 2
) is:
with standard binomial deviation:
27 Fig.12 in §5. compares the values of π(n) and π H (n) for 4 ≤ n ≤ 1500.
It further follows from Lemma 2.11 and Corollary 2.15 that:
is cumulatively approximated by:
We conclude that π L (n) is the cumulative non-heuristic approximation of the number of primes ≤ n 28 :
It immediately follows from Lemma 2.14 and Lemma 2.17 that 29 :
It follows immediately from the definition of π(x) as the number of primes less than or equal to x that:
Lemma 2.19.
We can thus generalise the number-theoretic function of Lemma 2.17 as the real-valued function:
We note that the graph of π L (x) in the interval (p 2 n , p 2 n+1 ) for n ≥ 1 is now a straight line with gradient Fig.5 where we defined π L (x) equivalently by:
) as:
(
Since p 2 n ≤ x < p 2 n+1 , by Mertens' 30 and Chebyshev's Theorems we can express the above as:
Since each term → 0 as n → ∞, we conclude that the function π L (x)/ x logex does not oscillate but tends to a limit as x → ∞ since:
We further conclude that:
n logen for some constant a.
We note that a > 2.e −γ 31 , since
) for all 1 ≤ j ≤ n, and it follows from Definition 2.12 that:
n logen 32 .
2.I. Primes in an arithmetic progression
We consider now Dirichlect's Theorem, which is the assertion that if a and d are co-prime and 1 ≤ a < d, then the arithmetic progression a+m.d, where m ≥ 1, contains an infinitude of (Dirichlect) primes.
We first note that Lemma 2.5 can be extended to prime powers in general 33 :
Lemma 2.23. If p i and p j are two primes where i = j then, for any n ≥ 2, α, β ≥ 1, we have: 
31 Where 2.e −λ ≈ 1.12292 . . .; [Gr95] , p.13. 32 By Mertens' Theorem; since log e π( √ n) ∼ (log e √ n − log e log e √ n) by the Prime Number Theorem. 33 Hint: The following arguments may be easier to follow if we visualise the residues rpα i (n) and r p β i (n) as they would occur in §4., Fig.7 and Fig.8 .
34 [HW60] , p.52, Theorem 59.
If u = 0 and v = 0 in Lemma 2.23, so that both p i and p j are prime divisors of n, we immediately conclude by Definition 2 that:
Theorem 2.26. For any two primes p = q and natural numbers n, α, β ≥ 1, whether or not p α divides n is independent of whether or not q β divides n.
2.I.a. The probability that n is a prime of the form a + m.d
We note next that:
Lemma 2.27. For any co-prime natural numbers 1 ≤ a < d = q
where:
the natural number n is of the form a + m.d for some natural number m ≥ 1 if, and only if:
where 0 ≤ r i (n) < i is defined for all i > 1 by:
Proof : First, if n is of the form a + m.d for some natural number m ≥ 1, where 1 ≤ a < d = q
The Lemma follows.
By Lemma 2.2, it follows that:
Corollary 2.28. The probability that a + r
By Theorem 2.26, it further follows that:
Corollary 2.29. The joint probability that a + r
We conclude by Lemma 2.27 that:
Corollary 2.30. The probability that n is of the form a+m.d for some natural number m ≥ 1, where
It follows that:
Corollary 2.31. The density of Dirichlect integers, defined as numbers of the form a + m.d for some natural number m ≥ 1 which are not divisible by any given set of primes R = {r 1 , r 2 , . . . , r l }, where
Proof : Since a, d are co-prime, we have by Lemma 2.27 that if n is of the form a + m.d for some natural number m ≥ 1, where 1
and (a, d) = 1, the probability that q i |n for all 1 ≤ i ≤ k is 1.
By Lemma 2.10, Theorem 2.11 and Theorem 2.26, the density of Dirichlect numbers of the form a + m.d which are not divisible by any given set of primes R = {r 1 , r 2 , . . . , r l } is thus:
The Corollary follows.
Corollary 2.32. The expected number of Dirichlect integers in any interval (a, b) is:
2.I.b. An elementary density-based proof of Dirichlect's Theorem
Since n is a prime if, and only if, it is not divisible by any prime p ≤ √ n, it follows that the number π (a,d) (n) of Dirichlect primes, of the form a + m.d for some natural number m ≥ 1 and
k , that are less than or equal to any n ≥ q 2 k is cumulatively approximated by the non-heuristic Dirichlect prime counting function:
We conclude that:
The lemma follows since, by Mertens' Theorem,
logex , we have that:
n. 
2.J. An elementary density-based proof that there are infinitely many twinprimes
We define π 2 (n) as the number of integers p ≤ n such that both p and p + 2 are prime.
In order to estimate π 2 (n), we first define:
Definition 6. An integer n is a TW(k) integer if, and only if, r p i (n) = 0 and r p i (n) = 2 for all 1 ≤ i ≤ k, where 0 ≤ r i (n) < i is defined for all i > 1 by:
We note that: Lemma 2.35. If n is a TW(k) integer, then both n and n + 2 are not divisible by any of the first k primes {p 1 , p 2 , . . . , p k }.
Proof : The lemma follows immediately from Definition 6, Definition 1 and Lemma 2.1.
Since each residue r i (n) cycles over the i values (i − 1, i − 2, . . . , 0), these values are all incongruent and form a complete system of residues mod i.
It thus follows from Definition 6 that the density of TW(k) integers over the set of natural numbers is:
We also have that:
is a TW(k) integer, then n is a prime and either n + 2 is also a prime, or n + 2 = p 2 k+1 .
Proof : By Definition 6 and Definition 1:
Hence n is prime; and either n + 2 is divisible by p k+1 , in which case n + 2 = p 2 k+1 , or it is a prime.
If we define π TW(k)
(n) as the number of TW(k) integers ≤ n, by Lemma 2.36 the expected number of TW(k) integers in any interval (a, b) is given-with a binomial standard deviation-by:
Since n is a prime if, and only if, it is not divisible by any prime p ≤ √ n, it follows from Lemma 2.37 that π
is at most one less than the number of twin-primes in the interval
We conclude that the number π 2 of twin primes ≤ p 2 k+1 is given by the cumulative non-heuristic approximation:
Now, by Mertens' Theorem, we have that:
The theorem follows by Lemma 2.41.
2.K. The Generalised Prime Counting Function:
We note that the argument of Theorem 2.42 in §2.J. is a special case of the limiting behaviour of the Generalised Prime Counting Function
), which estimates the number of integers ≤ n such that there are b values that cannot occur amongst the residues
Theorem 2.43.
Proof : For p a > b ≥ 1, we have that:
The theorem follows if:
We note first the standard result for |x| < 1 that:
3. Appendix I: An anomaly 18 3. Appendix I: An anomaly
For any p i > b ≥ 1, we thus have:
Hence:
(ii) We note next that, for all i ≥ a:
It follows for any such c that:
Since:
it further follows that:
(iii) From the standard result 37 :
it then follows that:
The theorem follows since:
and so:
3. Appendix I: An anomaly Although we have shown in this investigation that both π H (n) (Lemma 2.14) and π L (n) (Lemma 2.17) yield non-heuristic approximations for π(n) 39 , Fig.6 suggests anomalously that, prima facie, π(p
) for all n > 1, since:
• The number of primes in any interval (p
) for any given j < n is constant as n → ∞; but
• The contribution of the expected number of primes in the interval (p
) to the total expected number (see Corollary 2.13), π H (p
In other words, an apparent anomaly surfaces when we express π(n) and the function π H (n) in terms of the number of primes determined by each function respectively in each interval (p 
Hence, for any given k > 1:
Compare with the graph of the same function, y = Fig.4 . 39 Fig.12 in  §5. details the values of π L (n), π(n) and π H (n) for 4 ≤ n ≤ 1500. whilst, for any given k > 1:
We conclude that 40 :
Lemma 3.1. π L (n) is a better approximation of π(n) than π H (n) for all n ≥ 9.
However, prima facie, we then have the anomaly:
4. Appendix II: The residue function r i (n)
We graphically illustrate how the residues ri(n) occur naturally as values of:
A: The natural-number based residue functions Ri(n);
The natural-number based residue sequences E(n);
and as the output of:
C: The natural-number based algorithm E N ;
D: The prime-number based algorithm E P ;
E: The prime-number based algorithm E Q .
A: The natural-number based density-defining functions R i (n)
Density: For instance, the residues ri(n) can be defined for all n ≥ 1 as the values of the density-defining functions Ri(n), defined for all i ≥ 1, as illustrated below in Fig.7 , where:
• For any i ≥ 2 the density-over the set of natural numbers-of the set {n} of integers that are divisible by i is B: The natural-number based primality-defining sequences E(n)
Primality: The residues ri(n) can also be viewed alternatively as values of the associated primality-defining sequences, E(n) = {ri(n) : i ≥ 1}, defined for all n ≥ 1, as illustrated below in Fig.8 , where:
• The sequences E(n) highlighted in red correspond to a prime 41 p (since ri(p) = 0 for 1 < i < p) in the usual, linearly displayed, Eratosthenes sieve:
• The sequences highlighted in cyan identify a crossed out composite n (since ri(n) = 0 for some i < i < n) in the usual, linearly displayed, Eratosthenes sieve.
• The 'boundary' residues r1(n) = 0 and rn(n) = 0 are identified in cyan. Fig.8 : The natural-number based residue sequences E(n) C: The output of a natural-number based algorithm E N We give below in Fig.9 the output for 1 ≤ n ≤ 11 of a natural-number based algorithm E N that computes the values ri(n) of the sequence E N (n) for only 1 ≤ i ≤ n for any given n. r 1 r 2 r 3 r 4 r 5 r 6 r 7 r 8 r 9 r 10 r 11 . . . 0 . . . The output of the prime-number based algorithm E P Fig.10 gives the output for 2 ≤ n ≤ 31 of a prime-number based algorithm E Q that computes the values q i (n) = rp i (n) of the sequence E P (n) for only each prime 2 ≤ p i ≤ n for any given n. 
q 1 q 2 q 3 q 4 q 5 q 6 q 7 q 8 q 9 q 10 q 11 . . . 0 . . . The output of the prime-number based algorithms E P and E Q We give below in Fig.11 the output for 2 ≤ n ≤ 121 of the two prime-number based algorithms E P (whose output
} is highlighted in black and red, the latter indicating the generation of a prime sequence and, ipso facto, definition of the corresponding prime 42 .
Fig.11:
The output of the prime-number based algorithms E P and E Q For informal reference and perspective, formal definitions of both the prime-number based algorithms E P and E Q are given in this work in progress Factorising all m ≤ n is of order Θ( 
(1 − 1/p j ), the actual values π(n) of the primes less than or equal to n, and the values for π(n) as estimated non-heuristically by π H (n) = n.
(1 − 1/p j ) 
(1 − 1/p j ) π(n) n.
(1 − 1/p j ) π(n) n. ) for 1 ≤ n ≤ 11 raises the query:
